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ABSTRACT

Nonlinearhydrodynamiceffectsare of growing interestfor
oceanstructuresandvessels.This paperinvestigateone of the
mostfundamentahonlinearitiesn oceanengineeringthe wave
elevationatafixedspatiallocation.Nonlinearoceanwavesbeen
the subjectof researchor a numberof years,but hase not yet
entereccommonoceanengineeringracticeThis is perhapslue
to the cumbersomaeedfor time-domainsimulationof second-
orderwaves, or to the lack of systematiccomparisonof these
modelswith obsened data. This paperseeksto addresshoth
theseissueshy (a) developing cornvenientanalyticformulasfor
the statisticsof second-orderandomwaves,and(b) comparing
predictionsbasedn theseformulasto datafrom wave tanktests
andfield obsenations.

Waterdepthdependenainalyticformulashave beendevel-
opedto predictthe skewnessand kurtosis(the third andfourth
momentsyespectrely) of nonlinearrandomwavesasfunctions
of parametershat characterizea steady-statéseastaté. These
seastat@arametersnclude the significantwave heightandthe
spectralpeakperiod. Analytic formulasare alsodevelopedfor
predictingthewave elevationandcrestheightswith specifiedre-
turn periodsusing the Hermite model. Theseformulationsare
comparedvith second-orderandomwave simulationsasconfir-
mationof theanalyticformulas.

The analytic formulasfor skewnessand kurtosisare com-
paredwith obseneddatato indicatethe accurag of the second-
order predictions. The analytic predictionsof the elevations,
crestheightsand wave heightsare also comparedto obsened
datato studytheir accurag. Finally, a comparisorof the local
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wave propertiefrom second-ordewave simulationsto thewave
tank datais shavn. Theselocal wave propertiesnclude,for ex-
ample,crestheightgiven wave height, wave period given wave
heightandcrestperiodgivenwave height. Thesemay be of in-
terestin understandingringing” (high frequeng responsepf
tetheredloatingstructures.

INTRODUCTION

Nonlinearhydrodynamiceffectsare of growing interestfor
oceanstructuresaandvessels Herewe studysucheffectsin one
of themostfundamentahonlinearitiesn ocearengineeringthe
wave elevationn(t) atafixedspatiallocation.

It is commonpracticeto modeln(t) usinglinearwave the-
ory, which resultsin a Gaussiarmodel of n(t). This ignores
the marked asymmetryin the waves: wave creststhat system-
atically exceedtheir neighboringtroughs. This asymmetryin-
creasewith decreasingvaterdepth. This asymmetryhasses-
eral practicalimplications; for example,(1) asymmetricwaves
aremorelik ely to strike deckson offshoreplatforms,particularly
older Gulf-of-Mexico structuresdesignedwith fairly low decks;
and(2) unusuallylarge dynamicstructuralresponsesave been
foundin high, steepwavesthatmay not follow linearwave the-
ory.

Second-orderandomwave modelsare not new; indeed,
they have beena researchtopic for more than 30 years(e.g.,
Tick, 1959;Hasselmannl1962;Longuet-Higgins,1963;Sharma
& Dean,1979;Hudspeth& Chen,1979; Tayfun, 1980;Anasta-
siouetal., 1982;Huangetal., 1983;Langley, 1987;Winterstein
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etal., 1991)andremainso today (e.g., Marthinsen& Winter-
stein, 1992; Hu & Zhao, 1993; Vinje & Haver, 1994; Winter-
stein& Jha,1995).However, they have notentereccommonoff-
shoreengineeringpractice,which applieseither randomlinear
(Gaussianaves, or regular wavesthatfail to presere S,(w),
thewave power spectrum.

Several drawbacks to second-orderandom waves may
be suggested:(1) corvenient statistical analysismethodsfor
second-ordemodelsare often lacking; and (2) the accurag of
second-ordemodelsmaybequestionedfor exampledueto their
neglectof still higherordereffects. We seekto addres$othcon-
cernshere.Regardingthefirstissue wefit new analyticalresults
for wave momentsandestablistmoment-basedstimatesf the
probability distributions of wave elevation, crests,and heights.
The secondssue,concerningaccurag of second-ordemodels,
is addressedhrough comparisonof theory with variouswave
tankandoceanwave measurements.

WAVE MODEL

Second-orde¥olterramodels[Schetzen1980] have come
underincreasinguse for modeling non-Gaussiamandompro-
cessesn offshoreengineering(e.g. Wintersteinet al., 1994b;
SWIM 2.0,1995;WAMIT 4.0,1995).n(t) is accordinglymod-
eled as the sum of a linear (Gaussian)processni(t) plus a
second-ordefnon-Gaussiangorrection,n»(t), which is found
from a perturbatioranalysis:

n(t) = na(t) +na(t) 1)

For the second-orden(t) in Eqn. 1, the standardFourier
sumfor thelinearpartni(t) is

N N
nit) = z Accoguxt +6y) = Rez Crexplioxt) (2
k=1 k=1

in which Re indicatesthe real part of a complex number and
C« = Axexp(iBx) arethe complex Fourieramplitudesdefinedin
termsof RayleighdistributedamplitudesAy, anduniformly dis-
tributed phase®x. The Cy¢'s are mutually independenbf one
another Themean-squarealueof Ay is

E[A] =25 (w)doa;  dox=ox—wc1 (3

Basedon Volterratheory second-ordecorrectionsarein-
ducedat the sumsanddifferencesof all wave frequencieson-
tainedin n1(t):

CnCn I:Hljnf'nel((ﬂm‘f—(m)t_i_Hr;nel(wm—wn)t:I (4)

In general,the functionsH;},, and Hy,, are known as quadratic
transfer functions (QTFs), evaluated at the frequeny pair
(m, ). Similar expressionsarisein describingsecond-order
diffractionloadsof floating structureqJhaetal., 1997]; in this
caseheQTFsarecalculatechumericallyfrom nonlineardiffrac-
tion analysige.g.,WAMIT 4.0,1995).

In predictingmotionsof floating structuresjn view of the
relevantnaturalperiods,interestcommonlylies with eitherH,
(springing)or H,,, (slow-drift) but not both. For example,in the
caseof thesparfloatingstructurgJhaetal., 1997],theslow-drift
forcesandhencehedifference-frequenccomponentgenerally
governthe global motionsof the spar In contrast,in the non-
linear wave problemboth sumanddifferencefrequeng effects
play a potentially significantrole. Fortunately unlike QTF val-
uesfor wave loadson floating structureswhich mustbe found
numericallyfrom diffraction analysis,closed-formexpressions
are available for both the sum-anddifference-frequencQTFs
for second-ordewaves(e.g.,Langley, 1987;Marthinsen& Win-
terstein,1992). Includingthe effect of afinite waterdepthd, for
example the sum-frequeng QTF canbewrittenas

kmkn _ 1 g _omki+wmkd
Wmen 2_9((’)%""' W+ Q) + 2 wmn(m+on)

1-gq "”:k”)z tanh(km + kn)d
gkmkn 1 5 2

- + (0 + il + 5

2o Zg(wm Wf + Wmn) (5)

+
Hmn—

in which the wave numbersk, arerelatedto the frequencies,
by the linear dispersiorrelationw? = gk tant(k,d). Thecorre-
spondingdifference-frequenctransferfunction, H,,, is found
by replacingwy, by —w, andk, by —kp.

Because(t) is non-Gaussiarinterestfocuseson its skew-
nessoz andkurtosisag. In termsof the significantwave height
Hs = 40y, andpeakspectralperiod Ty, theseare predictedby a
second-ordewave modelto beof theform:

a30; = (N1+N2)° = Max(Tp)HE + mes(THE (6

(as—3)0p = (N1+N2)* = Mua(Tp)HS + Mua(Tp)HE  (7)

(The overbarsin theseresultsdenotethe averagingor expected
valueoperation.) Them;(Tp) are“responsemomentinfluence
coeficients; the contribution to responsenoment(cumulant)i

dueto termsof orderO(r]Jz). In generalthesecoeficients are
corvenientlycalculatedrom Kac-SiggertanalysifEqns.12-15,
Wintersteinet al., 1994b; Ude et al., 1993). We assumehere
the spectrumof ni(t) is of the form H2T, f(wTp), sothatn(t)

scalesin amplitudewith Hs andin time with Tp. Suchis the
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form, for example,of a JONSWAP spectrumwith fixedvalueof
thepealednesparametey.

It is usefulto definetheunitlesswave steepnesS, = Hs/Lp,
in which the characteristiovave length L, = ng2/211 usesthe
linear dispersionrelation. Note that S, is typically far less
than unity, and a perturbationanalysiscommonly retainsonly
leading-ordetermsin Sp. For deep-vaterwavesthe coeficients
mij(Tp) areproportionalto LBJ, andthey remainnearlysofor fi-
nite depthsaswell. Retainingtheleadingtermsin S, from Egns.
6-7:

03 =ksSy; 04— 3=kq0} (8)

In particular for a JONSWAP wave spectrumwith pealedness
factory, we havefit thefollowing ks andk, expressiongo results
for awide rangeof depthgWinterstein& Jha,1995]:

ks = g = 5.4570%+- {exp[7.41(d/Lp) "] - 1}_l )

_ Os—3
ka = )

3

=141y 002 (10)

Thesecondermin this resultfor a3 reflectsthe effect of afinite
waterdepthd: in shalloverwatersthe skewnessz grows, asthe
wavesbegin to “feel” the bottom.

Note alsothat while the skewnessis predictedto vary lin-
early with steepnessthe kurtosisis predictedfrom Eqn. 8 to
vary quadraticallywith the steepness,. Sincethe steepness
is far lessthanunity (squaredsteepnessvensmaller),this sug-
geststhat nonlineareffectswill be most strongly displayedby
the skewness,and henceby the wave crestsratherthanthe to-
tal peak-to-troughwave heights. This second-ordemodel may
lessaccuratelypredictkurtosis,however, ashigherorderomitted
effectsmay be of the sameorderof magnitude.

Scope and Organization

In the following sectionswe develop and compareanalyt-
ical wave predictionsto the second-orderandomwave model
andto bothwave tank dataandoceanwave measurementsThe
comparisonsreatthefollowing threelevels:

Moments of wave time histories: We will first compare
thepredictedvave historymoments—specificallgheskew-
nessgo s, andkurtosis,as—acrossa broadrangeof seastates
obsened from both wave tank and measuredceancondi-
tions.

Cumulative Distribution Functions (CDFs) of wave ele-
vations,wave crestsandwave heights: Thesecomparisons
will assessvhetheror not the second-ordemodelis able
to predicttheseCDFs, over and above predictingthe third
andfourth momentof thewaves. Two distinctcomparisons
will be made: (1) analyticalmodelsof the various CDFs
will be showvn to accuratelypredict—andhencereplace—
theneedfor full time-domainsimulationof randomsecond-
orderwaves; and(2) the resultinganalyticalmodelsof the
variousCDFswill be usedto assesshe ability of second-
order wave theory to predict wave elevations, crests,and
heightsin bothwave tankandocearfield conditions.

L ocal Wave Parameter s. This studyinvestigatesheability
of the modelto predictlocal propertiesof the wave profile;
e.g.,maminal meanand standarddeviation of a wave crest
givenawave height,of wave periodgivenawave heightand
similar mamginal momentsof otherlocal wave properties.

COMPARISON OF a3 AND ay4: DATA VS. PREDICTION

Here and throughout,we shall comparethe predictedand
obsenedwave resultsfrom two differentdatasets: onefrom a
wavetankandonefrom theocean Thewavetankmeasurements
reflect wave historieswith target Hs of 4m to 18min approx-
imately 308m water depth[MARINTEK, 1989; MARINTEK,
1990]. We considerl8 wave tank histories,eachabout2 hours,
processethereas36 1-hourtime histories.The oceanwave his-
tories are lasermeasurementtaken at the Ekofisk platform in
the North Sea,locatedat a water depthof approximately70m.
Thesemeasurementarefor durationsof about18 minutes,col-
lectedevery 3 hoursduringtheyear1984. Fromthe annualdata
set, we selectseastatesvith Hs above 4.5m andwith skewness
valuesbetween0.05and0.4 (to avoid anomalousistorieswith
potentialmeasuremengrrors). This resultsin selectionof 132
time histories.

Figure 1 comparesgredictedskewnessand kurtosistrends
(from Egns.9 and10 with y=3.3)with the obsened samplemo-
mentsfrom the 1-hourwave tank histories. The predictedskew-
nesdrendline shavs excellentagreementvith the data:the pre-
dictedtrendhasslopek;=4.93,comparedvith theslopeestimate
4.97+0.12 (meantstd. error) from the obsened skewnessval-
ues.Notethattheeffectof thedepth-dependerft ~ 308m)term
in Egn.9 will causeonly a slightincreasen the predictionand
is neglectedhere.

In contrastFig. 1b shavs thatthe second-ordemodelcon-
siderablyunderestimateghe kurtosis of the model test waves.
The meanregressionslopeof 4.96-0.33for the obsenedk, is
about4 timesthe predictedk, value. This lendssomesupport
to the view, notedearliet that the second-ordemodel predicts
thekurtosisvaluelessaccuratelydueto omittedhigherorderef-
fects[Vinje & Haver, 1994].

In contrast, for the Ekofisk field data, the second-order
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Figure 1. Skewness and kurtosis comparison for Snorre model test wave
measurements and the second-order model

modelis found to accuratelypredict both skewnessand kurto-

sis. The predictedskewnessis in fact a bit higherthan mea-
surementgFigure 2a), while the kurtosispredictionfollows the

obsenedtrend almostexactly (Figure 2b). Note the additional

scatterin obsened skewnessvaluescomparedwith the preced-
ing wave tank results;this arisesbecausehe Ekofisk samples
are of only 20-minutedurations. Note alsothat our “predicted
trend” resultsare basedon linear regressionwith zerointercept
(i.e., constrainedso that the Gaussiarmomentsare obtainedas

the steepnesS, goesto zero).

In view of theseresults,onemayaskwhy the second-order
modelshouldbettermatchfield datathanmodeltestresults.Sev-
eral possibilitiesmay be advanced. First, the modeltestresults
maybeindicative of moresevereseastatesn whichhigherorder
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Figure 2. Skewness and kurtosis comparison for Ekofisk ocean wave
measurements and the second-order model using fitted Hsg, Tp and Y
values from measurements

effects(e.g.,onkurtosis)maybe moresignificant.Alternatively,
the Ekofisk datamay shav short-crestedbehavior, which is not
includedin our long-crestedsecond-ordemodel. In this case,
the apparentagreemenbetweentheory and modelin Figure 2
may be the fortunateresult of offsetting errors; i.e., while our
modeltendsto underestimataonlineareffects of long-crested
waves theshort-crestedness Ekofiskreducesheobsenedkur-
tosisvaluesto acomparabldevel.

In any case,assuminghe wave tank accuratelyreproduces
se/ereseastatewith long-crestedvaves, it appearshatsecond-
ordermodelsmay underpredicnonlineareffects (e.g., kurtosis
levels). Thesecond-ordemodelmaybemoreadequatéor more
moderateconditions,asseenn Ekofisk.
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Table 1. Summary information of the three wave data sets used in CDF
comparisons of wave elevations, wave crests, and wave heights. Hg and
Tp values are found from fitting a JONSWAP spectral shape, with y=3.3
in all cases.

Set | Description | Hs(m) | Tp(s) | Duration(hrs)

1 | Snorre: 134 | 13.75 5.79
Tests
504,505,506

2 | Snorre: Test| 7.05 | 12.0 1.93
304

3 | Ekofisk: 14 | 5.14 9.8 3.98
18-min segy-
ments

CDF PREDICTIONS I
ORDER SIMULATION

As earliernoted for practicalapplicationswve areconcerned
with the CDF (Cumulative Distribution Function) of various
gquantities;e.g., (1) the instantaneouslyarying wave elevation
level; (2) theresultingwave crestheight;and(3) thetotal crest-
to-troughwave height.Inthis sectionwe proposea setof analyt-
ical modelsfor eachof theseCDFs,and confirm thatthey ade-
quatelydescribehe simulatedbehaior of second-orderandom
waves. This simplifiesthe applicationof second-ordewave the-
ory considerablyremaving the needfor full time-domainsimu-
lation of second-ordewaves(e.g.,throughdoubleFouriersums).
Thefollowing sectionwill thencomparehesesimpleanalytical
models—whicharefoundconsistentvith second-ordewaves—
with measuredDF resultsfor bothwave tankandEkofisk field
data.

ANALYTICAL VS SECOND-

Summary of Wave Case Studies

We focushereonthreewave datasets:(1) three2-hourmea-
surementsepresentinghe sameseastatérom the Snorrewave
tank tests,(2) one 2-hour measuremenagainfrom the Snorre
wave tank tests,representinga lesssevere seastatevith differ-
entsteepnes$y, and(3) fourteen18-minuteEkofisk wave mea-
surementschosento represensimilar climate conditions. We
presenta summaryof thethreedatasetsin Tablel.

Analytical Predictions for Second-order Simulations
The proposecdanalyticalmodelsto matchthe second-order
simulatedresultsare basedon the Hermite model [Winterstein
etal., 1994a]for the wave elevation and crestheightandbased
ontheNaesanodel[Naess1985]for wave heights.

Analytical Wave Elevation Models. The Gaussian

modelfor wave elevationis givenas
- _ n-n
ProlElevation>n]=1-® o (11)
n

whered() is the standarchormal CDF, andn is the meanwave
elevation. The Hermitemodelis in generala cubic transforma-
tion of a standardGaussiarprocessbasedon the first four mo-
mentsof the wave processWe usea simplifiedform of the Her-
mite model here, applicableover a wide probability rangefor
second-orderandomwaves. This simplificationresultsbecause
the predictedkurtosislevels for second-ordewavesdo not sig-
nificantly affect the transformationshence,we only retain the
guadratic,skewness-basetermin the Hermite transformation.
In this simplified Hermite model, a standarcnormal variableu
canbetransformedo a non-Gaussiamvave elevationlevel x as
follows:

x= g(u) =T +Koy, [u+ “_g(uz - 1)] (12)

wherek = 1/4/1+a3/18. For a given value of u, the trans-

formed value x = g(u) hasthe sameCDF value of ®(u). In
practice|t is simplestto usethis modelby specifyinga probabil-
ity level p of interest:onefirst calculateghe standardsaussian
fractile up (for which ®(up)=p), andsubstituteshatu valueinto
Eqgn.12to find thenon-Gaussiafractile value.(NotethatEqn.9
will beusedhereto predictthe skewnessvalueas in Eqn.12.)

Analytical Crest Height Models. Thecrestheightof a
Gaussiamarrov-bandprocessollowsthe Rayleighdistribution:

Pro{C; > ¢] = exp(—0.5(c/0y)?) (13)

The correspondingsecond-ordecrestelevation n¢ at the same
fractile canbe estimatedisingthe sametransformatiorg() asin
Eqgn.12:

Ne=9(cr) =N+Koy [Cr + %(Cr2 - 1)] (14)

Again,onemayfirst startwith agivenfractile cp of the Rayleigh
variablein Eqgn. 13, andtransformit to find the corresponding
fractile of thenon-Gaussiagrestnc.

Analytical Wave Height Models. For a narrav-band
Gaussiarprocessthetotal crest-to-trougtwave heightalsofol-
lows a Rayleighmodel, with twice the amplitudeof the crest
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Figure 3. Wave elevation CDF: 2nd-order sim. vs. Hermite (Set 1)

modelin Eqn.13:

ProbH; > h/] = exp [— W] (15)

For non-Gaussiarocessesin contrast,positive skewnessval-
ues indicate systematicallylarger creststhan troughs, while
largerthan-Gaussiakurtosisvalues(above 3) suggestsystem-
atic excesof thetotal crest-to-troughiange(overthatof aGaus-
sian process). As we have seenearlier randomsecond-order
wave modelshave kurtosisvaluesonly slightly greaterthan 3;
hencewe may expecttheir predictedwave heightsto be rela-
tively unafectedby nonlineareffects.

The remainingcorrectionto the Rayleighmodelin Eqn. 15
concernghe effect of non-zerospectralbandwidth. Rangeval-
ueswill tendto decreasecomparedvith the Rayleighmodel,as
the spectralbandwidthincreases.We seekto reflectthis effect
througha simplemodelproposedy Naess:

ProdH > h] = exp [— %] (16)

Here p is taken as the autocorrelationfunction value at half
the dominantwave period. For a JONSWAP spectrumwith
y=3.3and7.0thevaluesof p are—0.73and-0.80,respectiely.
Of course,as p — —1 this result approacheshe narrav-band
Rayleighmodel(Eqn.15).

Numerical Results. The WAVEMAKER routine has
been used here to simulate both first-order (Gaussian)and
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Figure 4. Norm. crest height CDF: 2nd-order sim. vs. Hermite (Set 1)
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Figure 5. Norm. wave height CDF: 2nd-order sim. vs. Naess (Set 1)

second-ordefnon-Gaussianyvave time histories. Thesehave

beenprocessedo developthe simulatedCDFsof the wave ele-

vations,crestheightsandwave heights. Simulationshave been
performedfor all threewave datasets. In eachcase the simu-

lations were basedon the measuredvave spectrum. The time

resolutionof the simulatedhistoriesis chosento be the sameas
thatof themeasuredhistories(dt=.42sfor wave tanktests,0.50s
for Ekofisk). Thetotal simulateddurationsare generallylonger
thanthetotal obseneddurations,jn aneffort to “fill in” thetails

of the distributionsandtherebyoffer a morerobust comparison
in thetails.

The resulting CDFs for wave elevation, crestheight, and
wave heightfor dataset1 areshavn in Figures3, 4, and5 re-
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Figure 6. Wave elevation CDF: Data vs. analytical models (Set 1)

spectvely. The analyticalmodelsarefoundto provide excellent
agreementvith the simulatedsecond-orderesults. (The Naess
modelhereusesp = —0.73 basedony = 3.3). Similar levels of
agreementvere found for the remainingtwo datasetsaswell.
Hencewe believe theseanalyticalmodelsaccuratelyrepresent
the behavior of second-orderandomwaves. They will be used
in thenext sectionto testwhetherthis second-orderandomwave
behaior is consistentvith field andmodeltestdata.

CDF PREDICTIONS II: ANALYTICAL VS OBSERVA-
TIONS
Comparison of Wave Elevation Distributions

The analytical models (for elevation, crest, and wave
heights)are now comparedhereto the measuredesultsfrom
the threedatasets. (Recallthatthesedatasetsare describedn
Table1.) Figures6, 7, and 8 shav wave elevation CDFs for
datasets1, 2, and 3 respectiely. In additionto the skewness-
basedHermite modeldescribedabore (Egn. 12), Figure 6 also
shaws resultsfor a model (“Cubic Hermite”) that usesall four
wave moments as obtainedfrom the measurediata. The stan-
dardGaussiamimodelis alsoincludedfor comparison.

Results. As might be expectedthe Gaussiarmodelun-
derestimateextremewave elevationsin all casesWith its inclu-
sion of skewnesseffects, the Hermite modelprovidesa notable
improvement.This Hermitemodelis mostaccurateor thefield
data(set3), while it somavhat underestimatewave elevations
for the modeltestin dataset1 and (especially)in dataset?2.
(Notethatthisis notadeficieng of theHermitemodelbut rather
of second-ordewave theory which hasbeenusedto parameter
ize the moment-base#iermitemodel.) Thisis not surprising,in
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Figure 7. Wave elevation CDF: Data vs. analytical models (Set 2)
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Figure 8. Wave elevation CDF: Data vs. analytical models (Set 3)

view of theearlierresultsshoving thatsecond-ordemodelsun-
derestimatedurtosisvaluesfor wave tank histories(Figure1b).
Indeed,somevhat betteragreements found from the (Cubic)
Hermite model, which is basedon the actualfour momentsof
thewave tankhistory (Figure6).

Comparison of Crest Height Distributions

Figures9, 10,and11shav CDFsof wave crestdor datasets
1, 2, and3 respectiely. In additionto the Hermite crestmodel
(Eqn.14), thesefiguresshav sereral othercommonlyuseddis-
tributions. Oneis a Rayleighmodel (Eqgn. 13), consistentwith
a Gaussiammodelof the wave elevation process.Anotheris an
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Figure 10. Norm. crest height CDF: Data vs. analytical models (Set 2)

empiricalformulafit by Haringetal [Haring etal., 1976]to ob-
senedocearcrestdata:

ProtC > ¢ = exp —% (03)2 [1-4.37% (057- g)]

(17)

Results. The crestCDFs shov the sametrendsas the
wave elevation results. The Rayleighdistribution, implied by
a Gaussiarprocessmodel, underestimatesxtremecrestsin all
cases.The Hermitemodelagainprovidesanimprovement,and
is againmost accuratefor the field data(set3). The Hermite
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Figure 11. Norm. wave crest CDF: Data vs. analytical models (Set 3)
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Figure 12. Norm. wave height CDF: Data vs. analytical models (Set 1)

model(andhencesecond-ordetheory) underestimateextreme
crestsin the wave tank (Figures9 and 10), to a greaterdegree
thanits underestimatioof thewave elevationCDF. Thisagainis

consistentvith theapparenkurtosisunderestimatioby second-
ordertheory Finally, theHaringmodelis roughlyasaccurateas
theHermitemodelfor thefield data(set3; waterdepthd=70m),
but is lessaccuratethan the Hermite model for the wave tank
tests(depthd = 300m).We believe the Haringmodelshouldnot

be applied,nor wasintendedto apply, in suchdeep-vaterloca-
tions;it wascalibratedatshalloverlocations andapproachethe
Rayleighfor deep-vatersites.
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Comparison of Wave Height Distributions

Finally, Figures12, 13, and 14 compareobsened wave
heightdistributionswith the Naessmodel, which wasfound an
accurateproxy for second-ordewave simulation. Also shovn
are a Rayleighwave height model (Eqn. 15) and an empiri-
cal model suggestedy Forristall [Forristall, 1978]. This For-
ristall modelis a specialcaseof a Weibull distribution, givenas
ProlfHeight> h] = exp[—(h/oy,)%1%6/8.42].

Results. Again, whatis mostnotablein theseresultsis
the discrepang betweenfield and wave tank behaior. The
second-ordemodelandits analyticalapproximationgthe Naess

modeland,to a similar degree,the Forristall model) agreewell

with thefield data. Thewave tankdatashow largerwave heights
thanthesemodelspredict. This againwould appeala directcon-
sequencef thenotablylargerkurtosisof thewave tankhistories:
recall that kurtosisis expectedto mostdirectly impact peak-to-
trough wave height. In fact, the simplest, Rayleigh model is

found bestable to matchthe wave tank results. This is likely
aproductof offsettingerrors:the Rayleighmodelneglectsband-
width effects that reducewave heights(an effect capturedby
Naessand Forristall); however, the Rayleighmodel (and oth-
ers) neglect the high-kurtosiseffect, which enhanceghe wave
heights.

COMPARISON OF LOCAL WAVE STATISTICS

Finally, we comparethe conditionaldistributionsof various
local wave parametersThe crestfront period Tcr is the period
from a mean-upcrossingp the time of occurrenceof the high-
estpoint in a crest. The crestbackperiod Tcg is similarly de-
fined as the period betweenthe highestpoint in a crestto the
following mean-davncrossing ThecrestperiodTc is thesumof
Tcr andTeg andis the period betweena mean-upcrossingnd
thefollowing mean-davncrossingn thewave. Thewave period
Tw, finally, is the periodbetweerthetwo mean-upcrossingsa a
wave.

We will comparethe conditional distribution of the local
wave parameterérom the second-ordemodelto data. We will
demonstratehesecomparisonwith the first wave datasetthat
representtheSnorrewavetankmeasurementdVe will firstlook
at the conditionaldistribution of a wave’s crestheightgivenits
wave height. Figure 15 shaws the conditionalmeanand stan-
dard deviation of the wave crestgiven a wave height for the
first- and second-ordesimulatedhistoriesand measurediata.
The Gaussian(first-order) simulation, of course,predictsthat
the crest heightsare on averagehalf the correspondingvave
heights. The datashows systematicallylarger crestscondition-
ally, given the correspondingvave height. The second-order
model is found to predict this conditional vertical asymmetry
quiteaccuratelyNotethateventhoughthemodelslightly under
predictsthe maminal distributionsof the crestsandof the wave
heights,the conditionalcrestmeanandstandardieviation seem
accuratelypredicted.

We next considerthe horizontalasymmetryin the waves.
Figuresl6and17 compare€lc to Ty, andTce to Tc, respectiely.
As maybe expectedboththefirst-orderandsecond-ordesimu-
lationsdo not predictary horizontalasymmetry As seenin the
figures,Tc is approximatelyhalf of Tyy. Similarly, Tcr is approx-
imately half of Tc. No horizontalasymmetrycanbefoundin the
obsened dataeither, indicatingthat the first- and second-order
simulationsarestatisticallysimilar to theobsenationsasregards
their horizontalsymmetry

Figure 18 shaws the conditionaldistributions of wave peri-
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Figure 15. Crest height vs. wave height

odsgiven crestheightsfor data,first- and second-ordesimula-
tions. This figure shavs the conditionalmedianalongwith 16-
and84-percentilespreacf wave periodsgivencrestheights.All
resultsshav the sametrendof increasingvave periodsfor small
to moderatecrestheights,and constantwave periodsfor large
crestheights.The asymptotiowave periodis closeto the central
periodobtainedfrom the first momentof the wave spectrum(in
this casehecentralperiodis aboutl2 secondscf. Tablel). Fig-
ure 19 shows a similar comparisorof conditionaldistribution of
maximumof Tcg andTcg in a wave vs. the crestheightof the
wave. This is againshovn asthe conditionalmedianwith 16-
and84-percentilescatterof Max.(Tcr, Tcg) givencrestheights.
Such statisticsare of interest,for example, in identifying the
large high-frequeng resonant“ringing”) responsethatmaybe
obsenedin offshorestructuresAgain, all resultsshav the same
trendof increasingperiodsfor smallcrestsanda gradualasymp-
tote periodfor large crestheights,with the second-ordemodel
offeringaslightly betteragreemento data. Theasymptotianax-
imum of the crestfront andbackperiodfor large crestheightsis
about25% of the centralwave period.

CONCLUSIONS

This paperhasaddressetivo distincttasks:analyticalmod-
els consistentwith randomsecond-ordewaves, and evaluation
of thesemodelswith respectto obsened wave behaior. Con-
clusionswith respecto thesetasksareasfollows:

Analytical models of random second-order waves. A set
of convenientanalyticalexpressiondhasbeenshawn to be con-
sistentwith the behaior of randomsecond-ordewaves. These
includeusefulapproximationgo (1) thewave skewnessandkur-
tosis(from Eqns.9-10),(2) the wave elevation CDF (Eqn. 12),
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Figure 17. Crest front period Tcg vs. crest period Tc

(3) the wave crestCDF (Eqgn.14), and(4) the wave height CDF
(Egn. 16). Agreementof (2)—(4) is demonstratedherein Fig-
ures3, 4, and5 respectiely. Hencewe believe theseanalytical
modelsaccuratelyrepresenthe behaior of second-orderan-
domwaves. They remove the needfor full time-domainsimula-
tion of second-ordewaves,involving doubleFouriersums(e.g.,
Egns.4-5.)

Comparison of second-order modelswith wavedata. The
major finding is the notabledifferencebetweenwave tank data
(setsl1 and2) and Ekofisk field data(set3). This is mostfun-
damentallyseenat the wave momentlevel: while all datasets
shaws similar skewnesslevels, the wave tank datashaws sys-
tematicallygreaterkurtosisthanthe field data(Figuresl vs 2).
As thesefiguresshow, the second-ordemodel accuratelypre-
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dicts kurtosistrendsfor Ekofisk, but underestimatethem for
the wave tank histories. This discrepang propagateghrough
all CDF comparison#n a consistentnanner:theanalyticalCDF
modelsof wave elevations, wave crests,and wave heightsac-
curatelypredictthe Ekofisk resultsbut somavhatunderestimate
wave tankresults.

Thesedifferencesbetweenfield dataand model testsmay
be dueto the higherseverity of the modeltestseastatesand/or
the possibleshort-crestednegsf thefield data. We cautionalso
that our study of modeltestshereincludesonly two hours of
data;however, preliminarystudyof other longerwave tank his-
toriesappeato shav similar trends.Shouldthis prove to bethe
case we recommendhatthe second-ordemodelsbe enhanced

11

in someway—e.g.throughempiricalresultsthatcapturetheen-
hancedkurtosisvaluesasa function of wave steepness—tpre-
dict extremewave levels. The Hermite model appearsable to
propagateheseeffectsinto the upperdistribution tails, provided
it is calibratedwith accurateskewnessand kurtosisvalues(as
in the “Cubic Hermite” in Figure 6, which usesobsened wave
momentgatherthanthosepredictedby second-ordetheory).
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