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ABSTRACT
Nonlinearhydrodynamiceffectsareof growing interestfor

oceanstructuresandvessels.This paperinvestigatesoneof the
mostfundamentalnonlinearitiesin oceanengineering:thewave
elevationatafixedspatiallocation.Nonlinearoceanwavesbeen
the subjectof researchfor a numberof years,but have not yet
enteredcommonoceanengineeringpracticeThis is perhapsdue
to thecumbersomeneedfor time-domainsimulationof second-
order waves, or to the lack of systematiccomparisonof these
modelswith observed data. This paperseeksto addressboth
theseissuesby (a) developingconvenientanalyticformulasfor
thestatisticsof second-orderrandomwaves,and(b) comparing
predictionsbasedon theseformulasto datafrom wave tanktests
andfield observations.

Water-depthdependentanalytic formulashave beendevel-
opedto predict the skewnessandkurtosis(the third andfourth
moments,respectively) of nonlinearrandomwavesasfunctions
of parametersthat characterizea steady-state“seastate.” These
seastateparametersincludethe significantwave heightandthe
spectralpeakperiod. Analytic formulasarealsodevelopedfor
predictingthewaveelevationandcrestheightswith specifiedre-
turn periodsusing the Hermitemodel. Theseformulationsare
comparedwith second-orderrandomwavesimulationsasconfir-
mationof theanalyticformulas.

The analytic formulasfor skewnessandkurtosisarecom-
paredwith observeddatato indicatetheaccuracy of thesecond-
order predictions. The analytic predictionsof the elevations,
crestheightsand wave heightsare also comparedto observed
datato studytheir accuracy. Finally, a comparisonof the local

wavepropertiesfrom second-orderwavesimulationsto thewave
tankdatais shown. Theselocal wave propertiesinclude,for ex-
ample,crestheightgivenwave height,wave periodgivenwave
heightandcrestperiodgivenwave height. Thesemaybeof in-
terestin understanding“ringing” (high frequency response)of
tetheredfloatingstructures.

INTRODUCTION
Nonlinearhydrodynamiceffectsareof growing interestfor

oceanstructuresandvessels.Herewe studysucheffectsin one
of themostfundamentalnonlinearitiesin oceanengineering:the
waveelevationη

�
t � ata fixedspatiallocation.

It is commonpracticeto modelη
�
t � usinglinearwave the-

ory, which resultsin a Gaussianmodel of η
�
t � . This ignores

the marked asymmetryin the waves: wave creststhat system-
atically exceedtheir neighboringtroughs. This asymmetryin-
creaseswith decreasingwaterdepth. This asymmetryhassev-
eral practicalimplications; for example,(1) asymmetricwaves
aremorelikely to strikedecksonoffshoreplatforms,particularly
olderGulf-of-Mexico structuresdesignedwith fairly low decks;
and(2) unusuallylargedynamicstructuralresponseshave been
foundin high, steepwavesthatmaynot follow linearwave the-
ory.

Second-orderrandomwave modelsare not new; indeed,
they have beena researchtopic for more than 30 years(e.g.,
Tick, 1959;Hasselmann,1962;Longuet-Higgins,1963;Sharma
& Dean,1979;Hudspeth& Chen,1979;Tayfun,1980;Anasta-
siouet al., 1982;Huangetal., 1983;Langley, 1987;Winterstein
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et al., 1991)and remainso today (e.g., Marthinsen& Winter-
stein, 1992; Hu & Zhao,1993; Vinje & Haver, 1994; Winter-
stein& Jha,1995).However, they havenotenteredcommonoff-
shoreengineeringpractice,which applieseither randomlinear
(Gaussian)waves,or regular wavesthat fail to preserve Sη � ω � ,
thewave powerspectrum.

Several drawbacks to second-orderrandom waves may
be suggested:(1) convenient statisticalanalysismethodsfor
second-ordermodelsareoften lacking; and(2) the accuracy of
second-ordermodelsmaybequestioned,for exampledueto their
neglectof still higher-ordereffects.Weseekto addressbothcon-
cernshere.Regardingthefirst issue,wefit new analyticalresults
for wavemoments,andestablishmoment-basedestimatesof the
probability distributionsof wave elevation, crests,andheights.
Thesecondissue,concerningaccuracy of second-ordermodels,
is addressedthroughcomparisonof theory with variouswave
tankandoceanwavemeasurements.

WAVE MODEL
Second-orderVolterramodels[Schetzen,1980] have come

under increasinguse for modelingnon-Gaussianrandompro-
cessesin offshoreengineering(e.g. Wintersteinet al., 1994b;
SWIM 2.0,1995;WAMIT 4.0,1995).η � t � is accordinglymod-
eled as the sum of a linear (Gaussian)processη1 � t � plus a
second-order(non-Gaussian)correction,η2 � t � , which is found
from a perturbationanalysis:

η � t ��� η1 � t � � η2 � t � (1)

For the second-orderη � t � in Eqn. 1, the standardFourier
sumfor thelinearpartη1 � t � is

η1 � t ��� N

∑
k� 1

Ak cos� ωkt � θk ��� Re
N

∑
k� 1

Ck exp � iωkt � (2)

in which Re indicatesthe real part of a complex number, and
Ck � Ak exp � iθk � arethecomplex Fourieramplitudes,definedin
termsof RayleighdistributedamplitudesAk, anduniformly dis-
tributed phasesθk. The Ck’s are mutually independentof one
another. Themean-squarevalueof Ak is

E � A2
k 	 � 2Sη � ωk � dωk; dωk � ωk 
 ωk � 1 (3)

Basedon Volterra theory, second-ordercorrectionsare in-
ducedat the sumsanddifferencesof all wave frequenciescon-
tainedin η1 � t � :

η2 � t ��� Re
N

∑
m� 1

N

∑
n� 1

CmCn

�
H 
mne

i � ωm
 ωn � t � H �mne
i � ωm � ωn � t � (4)

In general,the functionsH 
mn andH �mn areknown asquadratic
transfer functions (QTFs), evaluated at the frequency pair� ωm � ωn � . Similar expressionsarisein describingsecond-order
diffraction loadsof floating structures[Jhaet al., 1997]; in this
casetheQTFsarecalculatednumericallyfrom nonlineardiffrac-
tion analysis(e.g.,WAMIT 4.0,1995).

In predictingmotionsof floating structures,in view of the
relevantnaturalperiods,interestcommonlylies with eitherH 
mn
(springing)or H �mn (slow-drift) but not both.For example,in the
caseof thesparfloatingstructure[Jhaetal., 1997],theslow-drift
forcesandhencethedifference-frequency componentsgenerally
govern the global motionsof the spar. In contrast,in the non-
linear wave problemboth sumanddifferencefrequency effects
play a potentiallysignificantrole. Fortunately, unlike QTF val-
uesfor wave loadson floating structures,which mustbe found
numericallyfrom diffraction analysis,closed-formexpressions
areavailable for both the sum-anddifference-frequency QTFs
for second-orderwaves(e.g.,Langley, 1987;Marthinsen& Win-
terstein,1992).Includingtheeffectof a finite waterdepthd, for
example,thesum-frequency QTFcanbewrittenas

H 
mn � gkmkn
ωmωn 
 1

2g � ω2
m � ω2

n � ωmωn � � g
2

ωmk2
n 
 ωmk2

n
ωmωn � ωm 
 ωn �

1 
 g km
 kn� ωm
 ωn � 2 tanh� km � kn � d
 gkmkn

2ωmωn
� 1

2g
� ω2

m � ω2
n � ωmωn � (5)

in which thewave numberskn arerelatedto the frequenciesωn

by the lineardispersionrelationω2
n � gkn tanh� knd � . Thecorre-

spondingdifference-frequency transferfunction, H �mn, is found
by replacingωn by 
 ωn andkn by 
 kn.

Becauseη � t � is non-Gaussian,interestfocuseson its skew-
nessα3 andkurtosisα4. In termsof thesignificantwave height
Hs � 4ση, andpeakspectralperiodTp, thesearepredictedby a
second-orderwavemodelto beof theform:

α3σ3
η � � η1 � η2 � 3 � m31 � Tp � H4

s � m33 � Tp � H6
s (6)

� α4 
 3� σ4
η � � η1 � η2� 4 � m42 � Tp � H6

s � m44 � Tp � H8
s (7)

(The overbarsin theseresultsdenotethe averagingor expected
valueoperation.)The mi j � Tp � are“responsemomentinfluence
coefficients,” the contribution to responsemoment(cumulant)i
due to termsof order O � η j

2 � . In generalthesecoefficientsare
convenientlycalculatedfrom Kac-Siegertanalysis(Eqns.12–15,
Wintersteinet al., 1994b; Ude et al., 1993). We assumehere
thespectrumof η1 � t � is of the form H2

s Tp f � ωTP � , so thatη1 � t �
scalesin amplitudewith Hs and in time with Tp. Suchis the
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form, for example,of a JONSWAP spectrumwith fixedvalueof
thepeakednessparameterγ.

It is usefulto definetheunitlesswavesteepnessSp � Hs � Lp,
in which the characteristicwave length Lp � gT2

p � 2π usesthe
linear dispersionrelation. Note that Sp is typically far less
than unity, and a perturbationanalysiscommonlyretainsonly
leading-ordertermsin Sp. For deep-waterwavesthecoefficients
mi j � Tp � areproportionalto L � j

p , andthey remainnearlysofor fi-
nitedepthsaswell. Retainingtheleadingtermsin Sp from Eqns.
6–7:

α3 � k3Sp ; α4 � 3 � k4α2
3 (8)

In particular, for a JONSWAP wave spectrumwith peakedness
factorγ, wehavefit thefollowing k3 andk4 expressionsto results
for awide rangeof depths[Winterstein& Jha,1995]:

k3 � α3

Sp
� 5 � 45γ � 0 � 084 ��� exp � 7 � 41 � d � Lp � 1 � 22� � 1 � � 1

(9)

k4 � α4 � 3

α2
3
� 1 � 41γ � 0 � 02 (10)

Thesecondtermin this resultfor α3 reflectstheeffectof a finite
waterdepthd: in shallowerwaterstheskewnessα3 grows,asthe
wavesbegin to “feel” thebottom.

Note also that while the skewnessis predictedto vary lin-
early with steepness,the kurtosis is predictedfrom Eqn. 8 to
vary quadraticallywith the steepnessSp. Sincethe steepness
is far lessthanunity (squaredsteepnessevensmaller),this sug-
geststhat nonlineareffectswill be most stronglydisplayedby
the skewness,andhenceby the wave crestsratherthanthe to-
tal peak-to-troughwave heights.This second-ordermodelmay
lessaccuratelypredictkurtosis,however, ashigher-orderomitted
effectsmaybeof thesameorderof magnitude.

Scope and Organization
In the following sections,we developandcompareanalyt-

ical wave predictionsto the second-orderrandomwave model
andto bothwave tankdataandoceanwave measurements.The
comparisonsareat thefollowing threelevels:

Moments of wave time histories: We will first compare
thepredictedwavehistorymoments—specifically, theskew-
ness,α3, andkurtosis,α4—acrossabroadrangeof seastates
observed from both wave tank andmeasuredoceancondi-
tions.

Cumulative Distribution Functions (CDFs) of wave ele-
vations,wave crestsandwave heights:Thesecomparisons
will assesswhetheror not the second-ordermodel is able
to predict theseCDFs,over andabove predictingthe third
andfourthmomentsof thewaves.Two distinctcomparisons
will be made: (1) analyticalmodelsof the variousCDFs
will be shown to accuratelypredict—andhencereplace—
theneedfor full time-domainsimulationof randomsecond-
orderwaves;and(2) the resultinganalyticalmodelsof the
variousCDFswill be usedto assessthe ability of second-
order wave theory to predict wave elevations, crests,and
heightsin bothwave tankandoceanfield conditions.
Local Wave Parameters. Thisstudyinvestigatestheability
of themodelto predictlocal propertiesof thewave profile;
e.g.,marginal meanandstandarddeviation of a wave crest
givenawaveheight,of waveperiodgivenawaveheightand
similarmarginalmomentsof otherlocalwaveproperties.

COMPARISON OF α3 AND α4: DATA VS. PREDICTION
Here and throughout,we shall comparethe predictedand

observedwave resultsfrom two differentdatasets:onefrom a
wavetankandonefrom theocean.Thewavetankmeasurements
reflect wave historieswith target Hs of 4m to 18m in approx-
imately 308m water depth[MARINTEK, 1989; MARINTEK,
1990]. We consider18 wave tankhistories,eachabout2 hours,
processedhereas36 1-hourtime histories.Theoceanwave his-
tories are lasermeasurementstaken at the Ekofisk platform in
the North Sea,locatedat a waterdepthof approximately70m.
Thesemeasurementsarefor durationsof about18 minutes,col-
lectedevery 3 hoursduringtheyear1984.Fromtheannualdata
set,we selectseastateswith Hs above 4.5mandwith skewness
valuesbetween-0.05and0.4(to avoid anomaloushistorieswith
potentialmeasurementerrors). This resultsin selectionof 132
timehistories.

Figure1 comparespredictedskewnessandkurtosistrends
(from Eqns.9 and10 with γ=3.3)with theobservedsamplemo-
mentsfrom the1-hourwave tankhistories.Thepredictedskew-
nesstrendline showsexcellentagreementwith thedata:thepre-
dictedtrendhasslopek3=4.93,comparedwith theslopeestimate
4.97 0.12(mean std. error) from the observed skewnessval-
ues.Notethattheeffectof thedepth-dependent(d ! 308m)term
in Eqn.9 will causeonly a slight increasein the predictionand
is neglectedhere.

In contrast,Fig. 1b shows that thesecond-ordermodelcon-
siderablyunderestimatesthe kurtosisof the model test waves.
The meanregressionslopeof 4.96 0.33for the observedk4 is
about4 times the predictedk4 value. This lendssomesupport
to the view, notedearlier, that the second-ordermodelpredicts
thekurtosisvaluelessaccuratelydueto omittedhigher-orderef-
fects[Vinje & Haver, 1994].

In contrast, for the Ekofisk field data, the second-order
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Figure 1. Skewness and kurtosis comparison for Snorre model test wave

measurements and the second-order model

model is found to accuratelypredictboth skewnessandkurto-
sis. The predictedskewnessis in fact a bit higher than mea-
surements(Figure2a),while thekurtosispredictionfollows the
observed trendalmostexactly (Figure2b). Note the additional
scatterin observedskewnessvaluescomparedwith the preced-
ing wave tank results; this arisesbecausethe Ekofisk samples
areof only 20-minutedurations. Note also that our “predicted
trend” resultsarebasedon linear regressionwith zerointercept
(i.e., constrainedso that the Gaussianmomentsareobtainedas
thesteepnessSp goesto zero).

In view of theseresults,onemayaskwhy thesecond-order
modelshouldbettermatchfield datathanmodeltestresults.Sev-
eral possibilitiesmay be advanced.First, the modeltestresults
maybeindicativeof moresevereseastates,in whichhigher-order
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Figure 2. Skewness and kurtosis comparison for Ekofisk ocean wave

measurements and the second-order model using fitted Hs, Tp and γ
values from measurements

effects(e.g.,onkurtosis)maybemoresignificant.Alternatively,
theEkofisk datamay show short-crestedbehavior, which is not
includedin our long-crestedsecond-ordermodel. In this case,
the apparentagreementbetweentheoryandmodel in Figure 2
may be the fortunateresult of offsettingerrors; i.e., while our
model tendsto underestimatenonlineareffectsof long-crested
waves,theshort-crestednessof Ekofiskreducestheobservedkur-
tosisvaluesto acomparablelevel.

In any case,assumingthewave tankaccuratelyreproduces
severeseastateswith long-crestedwaves,it appearsthatsecond-
ordermodelsmay underpredictnonlineareffects(e.g.,kurtosis
levels).Thesecond-ordermodelmaybemoreadequatefor more
moderateconditions,asseenin Ekofisk.
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Table 1. Summary information of the three wave data sets used in CDF

comparisons of wave elevations, wave crests, and wave heights. Hs and

Tp values are found from fitting a JONSWAP spectral shape, with γ=3.3

in all cases.

Set Description Hs(m) Tp(s) Duration(hrs)

1 Snorre:
Tests
504,505,506

13.4 13.75 5.79

2 Snorre: Test
304

7.05 12.0 1.93

3 Ekofisk: 14
18-min seg-
ments

5.14 9.8 3.98

CDF PREDICTIONS I: ANALYTICAL VS SECOND-
ORDER SIMULATION

As earliernoted,for practicalapplicationsweareconcerned
with the CDF (Cumulative Distribution Function) of various
quantities;e.g., (1) the instantaneouslyvarying wave elevation
level; (2) theresultingwave crestheight;and(3) thetotal crest-
to-troughwaveheight.Inthissection,weproposeasetof analyt-
ical modelsfor eachof theseCDFs,andconfirm that they ade-
quatelydescribethesimulatedbehavior of second-orderrandom
waves.Thissimplifiestheapplicationof second-orderwave the-
ory considerably, removing theneedfor full time-domainsimu-
lationof second-orderwaves(e.g.,throughdoubleFouriersums).
Thefollowing sectionwill thencomparethesesimpleanalytical
models—whicharefoundconsistentwith second-orderwaves—
with measuredCDF resultsfor bothwave tankandEkofiskfield
data.

Summary of Wave Case Studies
Wefocushereonthreewavedatasets:(1) three2-hourmea-

surementsrepresentingthe sameseastatefrom the Snorrewave
tank tests,(2) one 2-hour measurementagainfrom the Snorre
wave tank tests,representinga lesssevereseastatewith differ-
entsteepnessSp, and(3) fourteen18-minuteEkofiskwave mea-
surements,chosento representsimilar climateconditions. We
presentasummaryof thethreedatasetsin Table1.

Analytical Predictions for Second-order Simulations
The proposedanalyticalmodelsto matchthe second-order

simulatedresultsarebasedon the Hermitemodel [Winterstein
et al., 1994a]for the wave elevationandcrestheightandbased
on theNaessmodel[Naess,1985]for waveheights.

Analytical Wave Elevation Models. The Gaussian
modelfor wave elevationis givenas

Prob$ Elevation % η& ' 1 ( Φ ) η ( η
ση * (11)

whereΦ + , is thestandardnormalCDF, andη is themeanwave
elevation. The Hermitemodelis in generala cubic transforma-
tion of a standardGaussianprocess,basedon the first four mo-
mentsof thewave process.We usea simplifiedform of theHer-
mite model here,applicableover a wide probability rangefor
second-orderrandomwaves.This simplificationresultsbecause
thepredictedkurtosislevels for second-orderwavesdo not sig-
nificantly affect the transformations;hence,we only retain the
quadratic,skewness-basedterm in the Hermite transformation.
In this simplified Hermitemodel,a standardnormalvariableu
canbe transformedto a non-Gaussianwave elevation level x as
follows:

x ' g + u,�' η - κση . u - α3

6
+ u2 ( 1, / (12)

whereκ ' 10 1 1 - α2
3 0 18. For a given value of u, the trans-

formed value x ' g + u, has the sameCDF value of Φ + u, . In
practice,it is simplestto usethismodelby specifyingaprobabil-
ity level p of interest:onefirst calculatesthestandardGaussian
fractileup (for whichΦ + up , =p), andsubstitutesthatu valueinto
Eqn.12to find thenon-Gaussianfractilevalue.(NotethatEqn.9
will beusedhereto predicttheskewnessvalueα3 in Eqn.12.)

Analytical Crest Height Models. Thecrestheightof a
Gaussiannarrow-bandprocessfollowstheRayleighdistribution:

Prob$Cr % c& ' exp + ( 0 2 5 + c0 ση , 2 , (13)

The correspondingsecond-ordercrestelevation ηc at the same
fractile canbeestimatedusingthesametransformationg + , asin
Eqn.12:

ηc ' g + cr ,3' η - κση . cr - α3

6
+ c2

r ( 1, / (14)

Again,onemayfirst startwith agivenfractilecp of theRayleigh
variablein Eqn. 13, and transformit to find the corresponding
fractileof thenon-Gaussiancrestηc.

Analytical Wave Height Models. For a narrow-band
Gaussianprocess,thetotal crest-to-troughwave heightalsofol-
lows a Rayleighmodel, with twice the amplitudeof the crest
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Figure 3. Wave elevation CDF: 2nd-order sim. vs. Hermite (Set 1)

modelin Eqn.13:

Prob5 Hr 6 hr 7 8 exp 9 :<; hr = ση > 2
8 ? (15)

For non-Gaussianprocesses,in contrast,positive skewnessval-
ues indicate systematicallylarger crests than troughs, while
larger-than-Gaussiankurtosisvalues(above 3) suggestsystem-
aticexcessof thetotalcrest-to-troughrange(overthatof aGaus-
sian process). As we have seenearlier, randomsecond-order
wave modelshave kurtosisvaluesonly slightly greaterthan3;
hencewe may expect their predictedwave heightsto be rela-
tively unaffectedby nonlineareffects.

Theremainingcorrectionto theRayleighmodelin Eqn.15
concernsthe effect of non-zerospectralbandwidth.Rangeval-
ueswill tendto decrease,comparedwith theRayleighmodel,as
the spectralbandwidthincreases.We seekto reflect this effect
througha simplemodelproposedby Naess:

Prob5 H 6 h7 8 exp 9 : ; h= ση > 2
4 ; 1 : ρ > ? (16)

Here ρ is taken as the autocorrelationfunction value at half
the dominantwave period. For a JONSWAP spectrumwith
γ=3.3 and7.0 thevaluesof ρ are–0.73and–0.80,respectively.
Of course,as ρ @A: 1 this result approachesthe narrow-band
Rayleighmodel(Eqn.15).

Numerical Results. The WAVEMAKER routine has
been used here to simulate both first-order (Gaussian)and
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Figure 4. Norm. crest height CDF: 2nd-order sim. vs. Hermite (Set 1)
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Figure 5. Norm. wave height CDF: 2nd-order sim. vs. Naess (Set 1)

second-order(non-Gaussian)wave time histories. Thesehave
beenprocessedto developthesimulatedCDFsof thewave ele-
vations,crestheightsandwave heights.Simulationshave been
performedfor all threewave datasets. In eachcase,the simu-
lationswerebasedon the measuredwave spectrum. The time
resolutionof thesimulatedhistoriesis chosento be thesameas
thatof themeasuredhistories(dt=.42sfor wave tanktests,0.50s
for Ekofisk). The total simulateddurationsaregenerallylonger
thanthetotal observeddurations,in aneffort to “fill in” thetails
of thedistributionsandtherebyoffer a morerobustcomparison
in thetails.

The resultingCDFs for wave elevation, crestheight, and
wave height for dataset1 areshown in Figures3, 4, and5 re-
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Figure 6. Wave elevation CDF: Data vs. analytical models (Set 1)

spectively. Theanalyticalmodelsarefoundto provide excellent
agreementwith the simulatedsecond-orderresults. (TheNaess
modelhereusesρ BDC 0 E 73 basedon γ B 3 E 3). Similar levelsof
agreementwere found for the remainingtwo datasetsaswell.
Hencewe believe theseanalyticalmodelsaccuratelyrepresent
thebehavior of second-orderrandomwaves. They will beused
in thenext sectionto testwhetherthissecond-orderrandomwave
behavior is consistentwith field andmodeltestdata.

CDF PREDICTIONS II: ANALYTICAL VS OBSERVA-
TIONS
Comparison of Wave Elevation Distributions

The analytical models (for elevation, crest, and wave
heights)are now comparedhere to the measuredresultsfrom
the threedatasets. (Recall that thesedatasetsaredescribedin
Table 1.) Figures6, 7, and 8 show wave elevation CDFs for
datasets1, 2, and3 respectively. In additionto the skewness-
basedHermitemodeldescribedabove (Eqn. 12), Figure6 also
shows resultsfor a model (“Cubic Hermite”) that usesall four
wave moments,asobtainedfrom the measureddata. The stan-
dardGaussianmodelis alsoincludedfor comparison.

Results. As might be expected,theGaussianmodelun-
derestimatesextremewaveelevationsin all cases.With its inclu-
sion of skewnesseffects,the Hermitemodelprovidesa notable
improvement.This Hermitemodelis mostaccuratefor thefield
data(set3), while it somewhat underestimateswave elevations
for the model test in dataset 1 and (especially)in dataset 2.
(Notethatthis is notadeficiency of theHermitemodelbut rather
of second-orderwave theory, which hasbeenusedto parameter-
ize themoment-basedHermitemodel.)This is not surprising,in
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Figure 7. Wave elevation CDF: Data vs. analytical models (Set 2)
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Figure 8. Wave elevation CDF: Data vs. analytical models (Set 3)

view of theearlierresultsshowing thatsecond-ordermodelsun-
derestimatedkurtosisvaluesfor wave tankhistories(Figure1b).
Indeed,somewhat betteragreementis found from the (Cubic)
Hermitemodel,which is basedon the actualfour momentsof
thewave tankhistory(Figure6).

Comparison of Crest Height Distributions
Figures9,10,and11show CDFsof wavecrestsfor datasets

1, 2, and3 respectively. In additionto the Hermitecrestmodel
(Eqn.14), thesefiguresshow severalothercommonlyuseddis-
tributions. Oneis a Rayleighmodel(Eqn. 13), consistentwith
a Gaussianmodelof the wave elevationprocess.Anotheris an
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Figure 9. Norm. crest height CDF: Data vs. analytical models (Set 1)
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Figure 10. Norm. crest height CDF: Data vs. analytical models (Set 2)

empiricalformulafit by Haringet al [Haring et al., 1976]to ob-
servedoceancrestdata:

ProbFC G cH I exp JLK 1
2 M c

ση N 2 O
1 K 4 P 37

c
d Q 0 P 57 K c

d RTSTU
(17)

Results. The crest CDFs show the sametrendsas the
wave elevation results. The Rayleighdistribution, implied by
a Gaussianprocessmodel,underestimatesextremecrestsin all
cases.TheHermitemodelagainprovidesan improvement,and
is againmost accuratefor the field data(set 3). The Hermite
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Figure 11. Norm. wave crest CDF: Data vs. analytical models (Set 3)
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Figure 12. Norm. wave height CDF: Data vs. analytical models (Set 1)

model(andhencesecond-ordertheory)underestimatesextreme
crestsin the wave tank (Figures9 and10), to a greaterdegree
thanits underestimationof thewaveelevationCDF. Thisagainis
consistentwith theapparentkurtosisunderestimationby second-
ordertheory. Finally, theHaringmodelis roughlyasaccurateas
theHermitemodelfor thefield data(set3; waterdepthd=70m),
but is lessaccuratethan the Hermite model for the wave tank
tests(depthd V 300m).WebelievetheHaringmodelshouldnot
beapplied,nor wasintendedto apply, in suchdeep-waterloca-
tions;it wascalibratedatshallowerlocations,andapproachesthe
Rayleighfor deep-watersites.

8 Copyright  2000by ASME



0.0001

0.001

0.01

0.1

1

0 1 2 3 4 5 6 7 8 9

1 
− 

C
D

F4

Wave Height / ση

Data
Data ± 1σ
Rayleigh
Forristall

Naess

Figure 13. Norm. wave height CDF: Data vs. analytical models (Set 2)
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Figure 14. Norm. wave height CDF: Data vs.analytical models (Set 3)

Comparison of Wave Height Distributions
Finally, Figures 12, 13, and 14 compareobserved wave

heightdistributionswith the Naessmodel,which wasfound an
accurateproxy for second-orderwave simulation. Also shown
are a Rayleigh wave height model (Eqn. 15) and an empiri-
cal modelsuggestedby Forristall [Forristall, 1978]. This For-
ristall modelis a specialcaseof a Weibull distribution, givenas
ProbWHeight X hY Z exp W [L\ h] ση ^ 2 _ 126] 8 ` 42Y .

Results. Again, what is mostnotablein theseresultsis
the discrepancy betweenfield and wave tank behavior. The
second-ordermodelandits analyticalapproximations(theNaess

modeland,to a similar degree,the Forristall model)agreewell
with thefield data.Thewavetankdatashow largerwaveheights
thanthesemodelspredict.Thisagainwouldappearadirectcon-
sequenceof thenotablylargerkurtosisof thewavetankhistories:
recall that kurtosisis expectedto mostdirectly impactpeak-to-
trough wave height. In fact, the simplest,Rayleighmodel is
found bestable to matchthe wave tank results. This is likely
aproductof offsettingerrors:theRayleighmodelneglectsband-
width effects that reducewave heights(an effect capturedby
Naessand Forristall); however, the Rayleighmodel (and oth-
ers) neglect the high-kurtosiseffect, which enhancesthe wave
heights.

COMPARISON OF LOCAL WAVE STATISTICS
Finally, we comparetheconditionaldistributionsof various

local wave parameters.Thecrestfront periodTCF is the period
from a mean-upcrossingto the time of occurrenceof the high-
estpoint in a crest. The crestbackperiodTCB is similarly de-
fined as the period betweenthe highestpoint in a crestto the
following mean-downcrossing.ThecrestperiodTC is thesumof
TCF andTCB andis the periodbetweena mean-upcrossingand
thefollowing mean-downcrossingin thewave. Thewave period
TW, finally, is theperiodbetweenthetwo mean-upcrossingsin a
wave.

We will comparethe conditional distribution of the local
wave parametersfrom thesecond-ordermodelto data. We will
demonstratethesecomparisonswith the first wave datasetthat
representstheSnorrewavetankmeasurements.Wewill first look
at the conditionaldistribution of a wave’s crestheightgiven its
wave height. Figure 15 shows the conditionalmeanandstan-
dard deviation of the wave crest given a wave height for the
first- and second-ordersimulatedhistoriesand measureddata.
The Gaussian(first-order) simulation, of course,predictsthat
the crest heightsare on averagehalf the correspondingwave
heights. The datashows systematicallylarger crestscondition-
ally, given the correspondingwave height. The second-order
model is found to predict this conditional vertical asymmetry
quiteaccurately. Notethateventhoughthemodelslightly under-
predictsthemarginal distributionsof thecrestsandof thewave
heights,theconditionalcrestmeanandstandarddeviation seem
accuratelypredicted.

We next considerthe horizontalasymmetryin the waves.
Figures16and17compareTC to TW, andTCF to TC, respectively.
As maybeexpected,boththefirst-orderandsecond-ordersimu-
lationsdo not predictany horizontalasymmetry. As seenin the
figures,TC is approximatelyhalf of TW. Similarly, TCF is approx-
imatelyhalf of TC. No horizontalasymmetrycanbefoundin the
observed dataeither, indicatingthat the first- andsecond-order
simulationsarestatisticallysimilar to theobservationsasregards
their horizontalsymmetry.

Figure18 shows theconditionaldistributionsof wave peri-
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Figure 15. Crest height vs. wave height

odsgivencrestheightsfor data,first- andsecond-ordersimula-
tions. This figure shows the conditionalmedianalongwith 16-
and84-percentilespreadof waveperiodsgivencrestheights.All
resultsshow thesametrendof increasingwaveperiodsfor small
to moderatecrestheights,andconstantwave periodsfor large
crestheights.Theasymptoticwave periodis closeto thecentral
periodobtainedfrom thefirst momentof thewave spectrum(in
thiscasethecentralperiodis about12seconds;cf. Table1). Fig-
ure19 shows a similar comparisonof conditionaldistributionof
maximumof TCF andTCB in a wave vs. the crestheightof the
wave. This is againshown asthe conditionalmedianwith 16-
and84-percentilescatterof Max.(TCF , TCB) givencrestheights.
Such statisticsare of interest, for example, in identifying the
largehigh-frequency resonant(“ringing”) responsesthatmaybe
observedin offshorestructures.Again,all resultsshow thesame
trendof increasingperiodsfor smallcrestsandagradualasymp-
toteperiodfor largecrestheights,with the second-ordermodel
offeringaslightly betteragreementto data.Theasymptoticmax-
imum of thecrestfront andbackperiodfor largecrestheightsis
about25%of thecentralwaveperiod.

CONCLUSIONS
Thispaperhasaddressedtwo distincttasks:analyticalmod-

els consistentwith randomsecond-orderwaves,andevaluation
of thesemodelswith respectto observed wave behavior. Con-
clusionswith respectto thesetasksareasfollows:

Analytical models of random second-order waves. A set
of convenientanalyticalexpressionshasbeenshown to be con-
sistentwith thebehavior of randomsecond-orderwaves. These
includeusefulapproximationsto (1) thewaveskewnessandkur-
tosis(from Eqns.9–10),(2) thewave elevationCDF (Eqn.12),
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Figure 16. Crest Period TC vs. wave period TW
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Figure 17. Crest front period TCF vs. crest period TC

(3) thewave crestCDF (Eqn.14), and(4) thewave heightCDF
(Eqn. 16). Agreementof (2)–(4) is demonstratedherein Fig-
ures3, 4, and5 respectively. Hencewe believe theseanalytical
modelsaccuratelyrepresentthe behavior of second-orderran-
domwaves.They removetheneedfor full time-domainsimula-
tion of second-orderwaves,involving doubleFouriersums(e.g.,
Eqns.4–5.)

Comparison of second-order models with wave data. The
major finding is the notabledifferencebetweenwave tank data
(sets1 and2) andEkofisk field data(set3). This is most fun-
damentallyseenat the wave momentlevel: while all datasets
shows similar skewnesslevels, the wave tank datashows sys-
tematicallygreaterkurtosisthanthe field data(Figures1 vs 2).
As thesefiguresshow, the second-ordermodelaccuratelypre-
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dicts kurtosis trendsfor Ekofisk, but underestimatesthem for
the wave tank histories. This discrepancy propagatesthrough
all CDFcomparisonsin aconsistentmanner:theanalyticalCDF
modelsof wave elevations,wave crests,and wave heightsac-
curatelypredicttheEkofisk resultsbut somewhatunderestimate
wave tankresults.

Thesedifferencesbetweenfield dataandmodel testsmay
be dueto the higherseverity of the modeltestseastates,and/or
thepossibleshort-crestednessof thefield data.We cautionalso
that our study of model testshereincludesonly two hoursof
data;however, preliminarystudyof other, longerwave tankhis-
toriesappearto show similar trends.Shouldthis prove to bethe
case,we recommendthat thesecond-ordermodelsbeenhanced

in someway—e.g.,throughempiricalresultsthatcapturetheen-
hancedkurtosisvaluesasa functionof wave steepness—topre-
dict extremewave levels. The Hermite model appearsable to
propagatetheseeffectsinto theupperdistribution tails,provided
it is calibratedwith accurateskewnessand kurtosisvalues(as
in the “Cubic Hermite” in Figure6, which usesobservedwave
momentsratherthanthosepredictedby second-ordertheory).
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