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ABSTRACT

The newly proposed modal distribution method statistically quantifies overall differences be-
tween measured time-histories. The method is general and may find a broad variety of applications,
but seems particularly well suited for structural health monitoring because it can be used to infer
changes in structural condition from measured response data with only limited knowledge of the
excitation. In the new method, power spectra of measured structural response are interpreted as
series of independent modal responses. Each modal response is isolated and rescaled to be a statis-
tical distribution. A statistical comparison between data-sets (windows in a measured time-history)
results in a quantitative significance level of differences between power spectra. An example is
presented to validate the new method and to quantify how long a time-history is required for the
new method to meet confidence level requirements. The modal distribution method is found to be
very effective at detecting subtle changes of mean modal frequencies, which may be used to infer
changes in structural condition.

CE Database subject headings: Acceleration, Modal analysis, Random vibration, Response
spectra, spectral density function, Spectral analysis, Structural dynamics, Structural response, Data
processing

INTRODUCTION

The use of sensors in structural applications has expanded dramatically in recent years. The
cost and complexity of data collection has decreased to the point that sensor networks intended to
detect structural failure are expected to eventually become a part of every major new engineered
structure. Acceleration remains the preferred measurement because of low sensor cost and high
reliability. Detecting variations in structure response, making decisions, and taking appropriate
action all rely on interpreting measured data, which is inherently a statistical problem. Simply
detecting that a measured quantity has changed is not sufficient for decision making: a method to
quantify the statistical significance of observed changes in measured data is necessary.

The earliest work for damage detection through modal analysis was on offshore structures.
Early investigators e.g. (Vandiver 1975), (Vandiver 1977) concluded that changes in modal fre-
quencies due to member damage of offshore structures are detectable based on numerical simu-
lation and a scale model, respectively. Three North Sea platforms were monitored for six to nine
months and it was concluded that changes in the response spectrum can be used to monitor struc-
tural integrity (Loland and Dodds 1976). Since that time, numerous investigators have measured
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accelerations on various civil structures and used computed power spectra to make inferences about
the condition of these structures. Conventional methods require detailed knowledge of both the ex-
citation force and vibration response (Crema and Mastroddi 1998); (Harris and Crede 1995). In a
different approach, (Smyth et al. 2000) apply vibration signature analysis and advanced statisti-
cal methods to structural health monitoring, but in this work detailed knowledge of the excitation
is still required. White noise excitation is often assumed in practical applications in which the
excitation force is unknown e.g. (Katafygiotis and Lam 1997); (Abe et al. 1999), but in some ap-
plications such an assumption may be unreasonable, especially if there is known to be a dominant
frequency of excitation.

A major state of the art review for structural health monitoring (SHM) conducted as Sandia Na-
tional Labs noted that little progress has been made in application of statistical methods to SHM
(Sohn et al. 2003). The work presented here addresses the need for additional statistical methods
for interpretation of power spectra computed from measured accelerations in SHM applications.
This work makes use of a well-established practice from the field of acoustics: mapping power
spectra into probability space (Hansler and Schmidt 2004). The unique contribution of this pa-
per to the field of SHM is combining modal analysis with this mapping such that conventional
statistical tools can be applied to assess the significance of observed changes in modal frequencies.

The proposed method compares modal response characteristics computed for separate seg-
ments of a measured time-history. The new method has important advantages over more conven-
tional analyses: 1) The only measured time-history required as input is that of the response, 2)
the acceleration data is separated into individual vibrational modes of response, enabling detection
of vibrational changes in individual modes even if the overall response is relatively unaffected,
3) if there is a dominant excitation frequency which varies over time, the mode containing that
frequency can be excluded from the analysis such that a shift in the excitation frequency is not
misinterpreted as a change in structural behavior, and 4) the result is a numerical prediction of
the confidence level that there has been some change in the response of the structure. Here, the
T'-statistic is used because the distribution provides a reasonable fit to the power spectra being
compared in the example; other statistical tests including nonparametric methods could alterna-
tively be used in place of the T'-test with no fundamental change to the underlying methodology
presented here. The 7 -statistic relies on an underlying Gaussian distribution, which is strongly
violated in cases of very high noise or closely spaced peaks. Finally, the authors note that the
method presented here is intended only to quantify the statistical significance of shifts in modal
frequencies, and leaves the any inference regarding structural parameters such as mass, stiffness,
or damage to others.

OVERVIEW OF THE NEW METHODOLOGY

This overview describes the methodology from a conceptual standpoint without computational
detail; detail is presented later. In the newly proposed method, a measured acceleration time-
history is divided into a series of segments, or windows, which are to be sequentially analyzed.
Each of the segments is first converted into a power spectrum. It is implicitly assumed that the
dynamic behavior of a structure in a given frequency range can be considered as a set of individual
modes of vibration and that these vibrational modes can be considered to be independent. Accord-
ingly, the power spectrum is divided into a series of response peaks using a penalty method to find
the local minima. Each peak is then treated individually. Any response peak can be excluded from
the analysis if the excitation has a dominant frequency near that peak.



Each remaining peak in each power spectrum is mapped into probability space, which in prac-
tice is a simple re-scaling that is commonly used in the field of acoustics e.g., (Hansler and Schmidt 2004).
Mapping the vibrational modes into statistical distributions enables use of conventional statistical
tools to compute the significance of changes in modal frequencies for each vibrational mode being
considered. The mean and variance of each distribution are calculated directly from geometry.

The overall goal is to quantify the significance of subtle changes in the state of a vibrating
structure by comparing modal frequency distributions between different segments of a measured
response time-history. The comparison of two distributions is performed by statistical comparison
of means of the distributions. The mean of each sequential modal distribution in the first window
is statistically compared with that of the second window, i.e, the mean of the first mode of the first
window is compared with the mean of the first mode of the second window, as are each of the
subsequent modal means. Here, the T'-statistic is applied: each mean difference is weighted by the
magnitude of the energy associated with that mode and combined to compute an overall 7'-statistic.
The statistical significance of any difference between individual modal means is reported, as well
as a combined statistic quantifying differences between all modal means. The entire procedure
could be repeated over consecutive segments (windows) of a time-history to monitor for changes
in modal response.

COMPUTATIONAL DETAILS

Separation of Modal Distributions: The Penalty Method

The power spectrum is computed from the Fourier transform of a window of the measured
time-history. Power spectra of measured data generally are not smooth, and identifying the correct
minima to use as dividing points between modal distributions is non-trivial. The methodology
presented here relies on an initial estimation of the frequency of each mode of vibration for the
structure. This initial value would be expected to come from structural analysis, though it could
also come from visual inspection of the power spectrum. This initial value need not be of high
accuracy because it is only used to specify the endpoints of a penalty method. The penalty method
searches for one local minimum between every two adjacent modal frequencies, plus one additional
minimum above the highest and one below the lowest specified frequencies. The penalty method
has been found to be robust in applications with high noise or closely spaced frequencies: it always
finds the local minimum, regardless of the distance from zero on the spectral plot. The user is
cautioned, however, that in these applications the Gaussian assumption is strongly violated and
the T'-statistic should not be applied. Basing the modal separation on local minima also provides
additional robustness against noise in the signal because the squaring inherent to the calculation of
the power from the Fourier spectrum amplifies maxima in the spectrum more than minima.

In searching for each local minimum, the method searches the region between two adjacent
modal frequency estimates by progressively seeking the minimum of increasingly fine divisions of
the region. First, the region is divided into three equal frequency intervals as shown in the second
frame of Figure 1. The area under the power spectrum within each of the three intervals is then
computed; every frequency in that interval having the lowest average energy is assigned a penalty
value of 1.0. Next, the number of divisions between initial modal frequency guesses is increased
to four. The same penalty approach is applied: again, every frequency in the region having the
smallest average energy receives a penalty; on this second iteration the penalty is less than 1.0.
The process is repeated with the number of divisions increasing by 1 and the penalty decreasing
linearly for each subsequent penalty assessment until the average of each region includes not less



than 25 of the original bars. Beyond four intervals the method is modified: a penalty is applied to
every frequency in each interval having lower average energy (lower average bar height) than both
of its contiguous neighbor intervals. After the final iteration, the total penalty is calculated for each
of the frequencies between initial modal frequency estimates. The frequency having the largest
total penalty is concluded to be the local minimum between energy peaks and is subsequently used
as the dividing point. All energy between adjacent local minima is assumed to be associated with
a single vibrational mode. Once these modes have been isolated and the peak associated with
any dominant frequency in the excitation (if any) has been removed, distribution parameters are
calculated for each mode.

Modal Distributions and Probability Density Functions

The modal frequencies resulting from the penalty method are then treated as random variables.
As is common in acoustics, e.g. (Hansler and Schmidt 2004), the acceleration power spectrum is
mapped into probability space. In this mapping, the power spectral density can be interpreted as
the relative probability that the signal contains energy at any individual frequency. Thus, each
bar in the power spectrum near a modal frequency provides an uncertain estimate of that modal
frequency, with a relative probability that the estimate is correct. This is the classic definition of
a probability density function. Here, the energy surrounding each modal frequency is treated as
a probability distribution of candidates for the true modal frequency of the underlying structural
vibration:
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where a,, is the area of the n’th frequency bar and A; is the total energy associated with the i’th
modal frequency (Figure 1), or the total area between relative minima:
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in which S(n) is the spectral offset at the n’th frequency, df is the frequency spacing and N; is
the total number of bars within the 7’th modal distribution. The mean and variance are computed
directly from the offsets of the power spectrum using conventional definitions of moments and
central moments, e.g. (Bethea 1984), (Brandt 1970).
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where 1, ,, and siw are the mean frequency and sample variance of the modal distribution, m; is the
first geometric moment, 6; is the second central geometric moment and f(n) is the n’th frequency.

Two important sources of variations in the mean and variance are considered. The first source is
that the data-set being sampled is finite, so any computed mean and variance are sample statistics
and not necessarily those of the underlying population; this source of variation is accounted for



in the T'-statistic. In this application to random vibrations there is a second important source of
variation caused by non-ergodicity; it has been found here that the discontinuous ends of a time-
history can have a meaningful impact on computed statistical moments that is not considered in the
T'-statistic. To minimize apparent differences between windows caused by this non-ergodic effect,
power spectra are averaged over successive data-points. Specifically, for each window a power
spectrum is computed 100 times, with both the start and end points shifted two points forward in
time; the resulting 100 spectra are averaged and treated as a single representative spectrum for that
window.

Comparison: Statistical Hypothesis Testing

Spectral peaks of field data generally appear as a cluster of energy around some frequency.
Here, mean modal frequencies are treated as random variables and observed clusters of energy
are treated as statistical distributions. The benefit is that rigorous statistical analysis can then be
applied to assess the significance of apparent differences between distributions. Here, a T'-test is
applied.

The T'-test is a conventional method to determine the statistical significance of a difference
between two sample means from populations sampled from underlying Gaussian distributions. The
test can be used when the number of samples is too small for the Central Limit Theorem to apply
and where the true variances of the underlying processes are not known to be equal. Use of the
T'-test in this application is not strictly justified because the underlying distributions are not known
to be Gaussian. In cases where peaks are broadly spaced and damping is sufficient to have “bell-
shaped” modal peaks, use of the T-test may be reasonable. In some instances, especially cases
with very high noise or closely spaced spectral peaks, the Gaussian assumption would be strongly
violated and the 7-test should not be used. Other options, such as non-parametric tests, may be
applicable. If the T-test is deemed suitable, the 7-statistic can be computed as e.g. (Navidi 2006):
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in which g, ,, is the mean of the 7’th mode of the w’th segment, sfﬂu is the sample variance, and the
number of samples N, ,, is estimated as the number of cycles expected at each modal frequency.
D,, is the duration of the w’th data window.

T; is distributed approximately as a Student’s 7" with the number of degrees of freedom for the
2’th mode equal to e.g. (Navidi 2006):
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Overall Comparison of Response
Accurate assessment of the significance of changes in the observed vibrational response re-

quires consideration of all modes. Here, the ensemble of observed differences between each pair
of mean modal frequencies is treated as a set of repeated measurements with differing uncertain-
ties, i.e., observed differences between the first pair of modal distributions are combined with
observed differences between pairs of sequentially higher modes. An overall P-value is calculated
by computing a combined 7 -statistic, which weights differences between the means by the fraction
of energy represented for each individual mode. The fraction of energy associated with the 7’th
mode for each of the two windows is:
E%m)zzzzhfg_
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where [ is the total number of modes in the power spectrum and w is either 1 or 2, denoting either
the first or second window of the time-series. The overall 7 -statistic is found using Equation 11,
in which Az and s? are computed as averages weighted by the fraction of energy associated with
each of the / modes:
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The T-statistic resulting from Equation 11 represents the weighted average of differences between
the means of each pair of modes. The number of degrees of freedom for use with a standard 7'-
distribution is estimated as the total number of vibration cycles in all vibrational modes. Generally,
this number will be larger than the observed number of peaks in the time-history because modal
frequencies with small fractions of the total energy will not contribute to the number of directly
measurable peaks. The total degrees of freedom to be used in conjunction with the 7 -statistic is
estimated as the sum of individual degrees of freedom:

I
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TYPE | AND TYPE Il ERRORS: MINIMUM DATA REQUIREMENTS

One significant issue that must be addressed prior to any practical implementation of any data
analysis technique is assessing how much data is required for the method to be effective. There are
exactly two ways a method can fail: 1) it could detect a difference between the two power spectra
when there is in fact no underlying difference, or 2) it could fail to detect a difference that does
in fact exist. The null hypothesis (Hy) implicitly underlying use of the 7-test is that there is no
difference between the two distributions, which makes category 1) a Type I error (reject Hy when
it is true) and category 2) a Type Il error (fail to reject H when it is false).



For many practical applications, it is desirable to calculate how long a data-set is required to
detect a modal shift of a predetermined size with a pre-specified confidence level while maintaining
an acceptably low probability of false alarms. To compute the required length of the data-set, the
P-value is itself treated as a random variable. For any specific number of vibration cycles, a
histogram of predicted P-values could be created and normalized to a PDF. As part of this work,
numerous sets of P-values have been generated by application of the modal distribution method
to pairs of time-histories, each independently realized from a pair of target spectra with known
modal differences; the distribution of predicted P-values has been found to be well described by
a theoretical gamma distribution. The PDF and CDF (g and () can be expressed in terms of the
gamma and incomplete gamma functions, respectively e.g. (Navidi 2006):
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in which I'(«) denotes the gamma function: I'(«) = [5° t**e'dt. The shape parameter () and
the scale parameter (#) define the gamma distribution completely, and can be calculated from the
mean (u) and sample variance (s?) of an ensemble of P-values as o = p?/s* and 6 = s%/p.

The area under the gamma PDF below the pre-specified confidence level corresponds to the
probability that any future prediction of a P-value will be at or below that confidence level, i.e., the
probability that the method will detect changes in modal frequencies with the required confidence
level. The probability of a Type I error equals this area if there is no actual difference between the
underlying distributions; the probability of a Type II error can be computed as one minus this area
if there is a difference between distributions.

It is relatively straightforward to determine the minimum required time-history for some new
application using the gamma distribution. First, the mean and standard deviation of the predicted
P-values must be known. These values can be determined by simulation from target spectra with
spectral shapes comparable to those expected for the physical system to be studied and with modal
frequency shifts equal to those sought to be detected. The mean of the P-values is the expected
value of future P-value predictions; the standard deviation can be used in conjunction with the
gamma distribution to assign confidence intervals to this mean. A worked example of each error
type is provided.

EXAMPLE: MINIMUM DATA REQUIREMENTS

This example quantifies the probability of both Type I and Type II errors, then compares the
results of this method with conventional tests of stationarity. The example is based on simulated
data for which the actual underlying target spectra are precisely known so the effectiveness of the
new method can be assessed. The underlying spectra are based on physical data of practical impor-
tance, vortex induced vibrations of marine drilling risers. Here, the riser is undamaged in all cases,
and the dominant response frequencies are not related to environmental excitation frequencies: any
change in modal response parameters is believed to be caused by hydrodynamic interactions, in
particular to be caused by the mass of the water entrained with the vibration.

Marine risers are the pipes transmitting fluids between the sea-floor and a floating production



platform. A riser, or any other slender structure subject to strong flow across its axis, may in-
teract with the current to create vortex induced vibrations (VIV). Prediction of this complicated
fluid-structure interaction has been a historically intractable problem, in part because two separate
quantities are unknown: the excitation force due to fluid-structure interaction and the effective
mass of the riser which is highly influenced by the mass of the water entrained with the riser
motion, usually referred to as the “added mass.”

Underlying Spectra and Data Simulation

In order to quantify the effectiveness of the new method, it is tested against time-histories
simulated from ideal target spectra, which are precisely known. The initial target power spectrum is
generated from measured field data by first computing the power spectrum from a measured time-
history and then smoothing the first two modes into the ideal target spectrum S shown in Figure 2.
Known changes in modal properties are then introduced to the smoothed spectrum. Time-histories
needed for the example are then simulated from these spectra using the conventional method:
z(t) = SN | H,cos[2m f(n)t + 6], in which z(t) is the time-history of the simulation, H,, is the
amplitude of each frequency component, which is related to the energy at that frequency, f(n) is
the n’th circular frequency and 6,, is a random phase angle. As always, simulation from a power
spectrum implies stationarity and use of the Fourier transform in simulation implies ergodicity.
Here, the simulation includes as many frequency components as there are time-steps so the series
does not repeat within a simulation. Finally, a Gaussian white-noise signal is added to each time-
history. The level of noise added is 1.9 mg rms, which is typical of the noise level observed in
the actual field data underlying this example; noise inherent to a high-quality 1 g accelerometer
alone is typically around 0.5 mg rms.

Application of the Method

To assess the minimum amount of data necessary, the new method is applied to each pair of
simulated time-histories for increasingly long data windows. The shorter time-histories are the
early parts of the longer histories, i.e., the 30 minute data window test for target spectrum S, is the
first part of the time-history used in the 60 minute test. Unless otherwise noted, all cases include
the 1.9 mg Gaussian white noise and all plots are generated by performing 25 independent tests
and averaging the results.

Type I Errors: No change in true underlying spectra

To quantify the probability of having a Type I error, 50 realizations of the original bimodal
target spectrum S are simulated and the modal distribution method is applied to the resulting
25 independent pairs of time-histories. Figure 4 shows the average of the P-values from these
tests, all of which are above 50%. These very high P-values correspond to the fact that observed
differences result from random chance and not from differences in the underlying spectra. The
error bars correspond to a double-sided 90% confidence interval; there is almost no chance of a
false-alarm when at least 30 minutes of data is considered.

Type Il Errors: Known changes in mean modal frequencies

In this part of the example, the mean of each mode is shifted to the left. Here, the change to
the mean of each mode (Ay;) is chosen such that each mean of each mode is shifted an amount
consistent with a constant ®(z) of a standard normal distribution:
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For example, applying Equation 17 with ®(z) = 5% of the area under a standard normal distri-
bution yields Ay =-0.1257 s;. Transforming this value to each modal distribution of the original
target spectrum, S, results in the new mean frequencies shown in Table 1. The resulting spectra
S1, So and S3 are target spectra with progressively greater shifts in mean-modal frequencies. In
addition to this mean change, the variance of each mode of each target spectrum is increased from
the original by 10% while holding the total energy of the spectra constant. Figure 3 shows the
original target spectrum, S, with one of the modified spectra, .S;. The resulting magnitudes of each
frequency shift is particulary convenient to illustrate calculation of the amount of data required for
the new method to attain a pre-determined level of effectiveness. Specifically, to the extent the
Gaussian assumption is not violated, the resulting confidence levels should be a function of only
the number of cycles, without regard for vibrational mode with which these cycles are associated.

Minimum Required Time-History Duration

After the modified target spectrum has been developed, the new S; and original S are used
to simulate a total of fifty sets of time-histories. The modal distribution method is then applied
to each resulting twenty-five pairs of time-histories to calculate a P-value for each. These results
are averaged and presented as Figure 5. The monotonic decrease shown in Figure 5 shows greater
confidence levels (smaller P-values) are associated with longer time-histories. Confidence levels
of 95% (5% P-values) are often considered to indicate statistical significance. The upper two lines
on the figure indicate confidence levels based on each of the first two modes. The lowest line on
the figure indicates the method’s capability to detect the change in the underlying spectrum using
all available data, which in this case means both modes. The very subtle shift shown in Figure 3
can be detected with about 95% confidence (5% P-value) using only 30 minutes of data.

Figure 6 shows the probability of failing to detect the known shift in modal frequencies from
Figure 3. These probabilities are calculated by treating the P-value as a random variable (Equa-
tion 16). Using only 30 minutes of data, there is about an 18% chance the method will not detect
the change in the underlying spectrum with a P-value of 5% or less. However, given 90 minutes
of data, the method is almost certain to detect even the very subtle change indicated in Figure 3.

Minimum Required Number of Cycles

The main factor for determining the necessary data set length is in fact the number of vibra-
tional cycles rather than the temporal duration. Systems with higher frequencies or with more
vibrational modes have more cycles in a fixed duration. The data of Figure 5 is again presented as
Figure 7, but with the z-axis presented as cycles. The number of cycles is estimated as the sim-
ulation duration times the sum of mean modal frequencies. The fact that the P-value predictions
based on the first mode, second mode and combination nearly collapse to a single line when plotted
against cycles is a property of the relative shift of each of the modal frequencies corresponding to
a fixed percent of an ideal Gaussian distribution (Equation 17) and not of the method itself.

Figure 7 shows that approximately 1,500 cycles are needed to obtain a statistically significant
detection of the very subtle shift between the S and S; power spectra. The figure shows results
both for an ideal noise-free signal and for a signal containing a realistic 1.9 mg of white noise.
The added noise has only minimal effect on the P-values predicted for each mode and the overall
comparison. Results for each mode and combined results all tend to collapse toward a single line as
would be expected for a Gaussian distribution. Inclusion of the noise creates only a slight change in
computed non-Gaussianity for each mode: average skewness for both modes is reduced from 0.082
to 0.067 and average kurtosis is increased from 3.10 to 3.15, compared with the ideal Gaussian



values of 0 and 3. In Figure 8, however, results do not collapse to a line, which qualitatively shows
the effect of strong violations of the Gaussian assumption. The level of noise included here is
19 mg, resulting in average skewness of -0.52 and kurtosis of 4.51. The T'-statistic is clearly not
valid for this strong violation of the Gaussian assumption. Returning to the low-noise (1.9 mg)
case, Figure 9 shows that at least 3,000 cycles are needed to obtain a 5% probability of failing to
detect such a shift, based on the gamma distribution. Similar results are expected for predictions
using three or more modes.

Thus far the example has sought to detect extremely subtle shifts in the underlying power spec-
tra and detecting these shifts has required considerable time durations. Detecting larger changes
between underlying spectra requires less data. Figure 10 shows the amount of data required to
detect increasingly large shifts in modal frequencies. All shifts are made to both modes in accor-
dance with Equation 17; the details of the underlying target spectra are shown in Table 1. The
curve corresponding to shifts in mean modal frequencies corresponding to 5% of the area under
the standard normal is fit through the same data as presented in Figure 7. The very subtle shift
corresponding to 5% of the area under a normal distribution requires around 1,400 cycles to detect
at a 5% P-value; if the size of the modal shifts are approximately doubled, the required number of
cycles drops to around 400 cycles.

Comparison with Conventional Tests

The newly proposed method is compared with two conventional tests of statistical stationarity:
the reverse arrangements test and the runs test e.g. (Newland 1993) and (Bendat and Piersol 1991).
Numerous pairs of 150 minute time-series were used to test these conventional methods. These
tests were made for both Type I and Type II errors using the same data as previously used to verify
the new method. Neither of these conventional methods was found to be able to meaningfully
detect the change in the target spectrum

The reverse arrangements test never detected a statistical change in the time-series, regardless
of whether or not there is a change between underlying spectra. Results from the runs test varied
with the number of segments into which the time-series was divided as part of the test, but in no
case were the results useful. When 40 segments were used, the probability of a Type I error (false
alarm) was found to be 24% and the probability of a Type II error 76%. Using 100 segments, the
probability of a Type I error was found to be 52% and probability of a Type II error 44%. Recall
that the new modal distribution method applied to these same time-series yielded a probability of
a Type I error and of a Type II error near zero (Figures 4 and 6).

CONCLUSIONS

A newly proposed modal distribution method of quantifying the significance of subtle changes
in modal vibrations based on power spectra has been presented. The new method is very effective
at detecting changes in mean frequencies of individual modal vibrations (Figure 5-10), even if the
data is simulated from underlying target spectra with only very subtle differences (Figure 3). The
method is also very robust against false-alarms. The amount of data required decreases consid-
erably if larger changes in underlying spectra are to be detected (Figure 10). The new method is
considerably more effective than the conventional runs and reverse arrangements tests.

The modal distribution method is based on transforming individual modes of a power spectrum
into probability space, which enables application of conventional statistical tools. Response modes
containing frequencies of dominant excitation can be explicitly excluded from the analysis. After
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transformation into probability space, each modal response is treated as an independent statistical
distribution for which the spectral moments are directly calculated from geometry. The mean
and variance are calculated independently for each individual mode of each of two segments of
the time-history and then used in a statistical comparison. Combining differences between the
means of individual modal frequency pairs results in an overall quantitative significance level of the
difference between power spectra. (Minimum data requirements for the new method are discussed
in detail, and a method is outlined to determine minimum data requirements for new applications.

The newly proposed modal distribution method is general and is applicable to any number of
modes of vibration. The development of the method presented here makes use of the 7-statistic,
so this presentation is directly applicable to only well-separated modes with a generally Gaussian
shape and relatively low levels of noise in the signal. In concept, any distribution could be used
in place of the Student-7". The new method may find a broad variety of applications, though it
seems particularly well suited for structural health monitoring because detailed knowledge of the
excitation is not required as input.
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Table 1: Target Spectra Parameters with Percent Change from Original Idealized Spectrum

Target Ist Mode 2nd Mode

Spectrum  Mean % Change Variance % Change Mean % Change Variance % Change

S 0.12500 N/A 0.00060 N/A 0.28500 N/A 0.00120
Sy 0.12192 -2.46%  0.00066 10% 0.28064  -1.53%  0.00132
S 0.12037  -3.70%  0.00066 10% 0.27845 -2.30%  0.00132
Ss 0.11879  -496%  0.00066 10% 0.27622  -3.05%  0.00132

N/A
10%
10%
10%
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